The random Lorentz gas is a minimal model for transport in heterogeneous media. Upon increasing the obstacle density, it exhibits subdiffusive transport and dynamical arrest. Here, we study the dimensional dependence of its dynamical arrest, which can be mapped onto the void percolation transition for Poisson-distributed spheres. We numerically determine the arrest in dimensions d = 2 − 6. Comparing the results with standard mode-coupling theory reveals that the dynamical theory prediction grows increasingly worse with d. In an effort to clarify the origin of this discrepancy, we relate the dynamical arrest in the RLG to the dynamic glass transition of the infinite-range Mari-Kurchan model glass former. Through a mixed static and dynamical analysis, we then extract an improved dimensional scaling form as well as a geometrical upper bound for the arrest. The results suggest a path for fixing fundamental difficulties with mode-coupling theory.
I. INTRODUCTION
Increasing crowding with static obstacles results in subdiffusive and arrested transport of a system's mobile components, whether they be macromolecules in cells [1] , fluids in nanopores [2] , or tracers in glasses [3] . These aspects of the physics of heterogeneous media are also minimally captured by the random variant of the Lorentz gas (RLG), which since its introduction as a model for electron transport in metals has become a staple of statistical mechanics and mathematical physics [4, 5] . In the RLG, a spherical particle of diameter σ (the tracer) elastically bounces off Poisson-distributed point obstacles (scatterers). When scatterers are sparse, the tracer motion is diffusive after just a few collisions [6] , but upon increasing the number density of obstacles, ρ, the tracer first develops an increasingly long subdiffusive regime and then becomes fully localized beyond a finite ρ p [7] [8] [9] . Interestingly, the onset of dynamical arrest in the RLG can be mapped onto the void percolation transition for overlapping, Poisson-distributed spheres (as can be seen by exchanging the tracer's size with the scatterers'), which provides a static interpretation for the phenomenon.
Despite the simplicity of the RLG, theoretical descriptions of its dynamical arrest are fraught with difficulty. No static results for ρ p , and only estimates of ρ p from the dynamical mode-coupling theory (MCT) in dimensions d = 2 − 3 have been reported [10, 11] . Most of what we know about the dynamical arrest thus comes from the critical universality of simple percolation and numerical studies [7, [12] [13] [14] [15] . The tantalizing closeness between numerics and the MCT estimate for ρ p in d = 3 RLG nonetheless conjures up theoretical optimism.
Enthusiasm for this similitude should, however, be tempered by the realization that a similar agreement for simple glass formers becomes deeply problematic when d increases [16] [17] [18] [19] . (i) In the asymptotic high-d limit, standard MCT gives that the packing fraction of the dynamical glass transition for simple hard spheres scales as ϕ [16, 17] , which is inconsistent with the exact static scaling form, ϕ [20, 21] . (ii) For d > 4, numerical determinations of ϕ d grow increasingly distant from MCT estimates, whichever approximate structural description is used [19] . From these two observations, one might be tempted to argue that MCT is thus only a low-d description of sluggish dynamics. However compelling this hypothesis may be, it is internally inconsistent. In the high-d limit, the liquid structure is extremely simple, such that no approximations are needed for the static input to MCT [16] . The behavior of glassy systems also grows increasingly singleparticle-based and mean-field-like in that limit, as does MCT. Hence from a theoretical viewpoint, many would expect that increasing d should enhance, not decrease, the reliability of a MCT-type description.
This inconsistency with standard MCT for hard spheres glasses leaves a stain on the robustness of all MCT calculations in finite dimension [22, 23] . A key hurdle in resolving this difficulty lies in the absence of a systematic, small-parameter expansion of the MCT kernel, and hence of a well-controlled solution to glassy and hindered dynamics in the high-d limit. If only for the ubiquity of MCT and for the lack of alternate microscopic descriptions [11] , however, this difficulty ought to be better physically understood, and ideally resolved, in order for a systematic understanding of dynamical sluggishness in both glasses and heterogeneous media to emerge. In this paper, we shed light on the physics of MCT by considering the RLG, which is one of the simplest models studied with the theory. In addition to extending numerical and MCT results for the RLG, we propose a connection, in the high-d limit, between the RLG and the infinite-range Mari-Kurchan (MK) model for glass formation [24] [25] [26] , whose static behavior has been exactly solved in that same limit [20, 21, 27] .
The plan for this paper is as follows. In Sect. II, we obtain numerical results for the void percolation transition in d = 2 − 6, and in Sect. III, the MCT calculation for the corresponding transition in the RLG are extended to arbitrary d. In Sect. IV, we establish an analogy between the RLG and the MK model, which allows us to obtain a more reasonable estimate for ρ p . A brief conclusion is presented in Sect. V.
II. NUMERICAL METHODS AND RESULTS
We first numerically determine ϕ p in d = 2-6. Note that for notational simplicity, we exploit the equivalence between the RLG and void percolation to describe Poisson distributed point obstacles as overlapping spheres of volume fraction Φ = ρV d (σ/2) ( Fig. 1) , where V d (σ/2) is the volume of a d-dimensional ball of radius σ/2, and a scaled volume fraction ϕ = Φ/2 d . The void volume fraction η [28] is then [13] 
Systems of Poisson-distributed monodisperse (overlapping) spheres ranging from N = 64 to 256,000 are generated. The number of replicates varies from 5000, for small low-d systems, and 28, for d = 6 with N = 32, 000. The percolation transition is pinpointed by first identifying the network of voids through a Voronoi tessellation [12, [29] [30] [31] . Voronoi vertices are the network nodes, and the edges of the Voronoi polyhedra that do not pass through any sphere connect these nodes. In order to minimize finite-size effects near the transition [32] , a percolating path is said to exist only if the network continuously wraps from one side of the periodically repeating box to another, concurrently for all spatial directions. For each realization, a binary search in particle diameter locates the percolation threshold to within a convergence criterion of 10 −5 L for a box of side L. The infinite-size threshold η p = e −Φp is then determined by finite-size scaling [33] . The standard relationship [15] 
where ν is the correlation length exponent, could be used to extract η p , but we use instead the scaling between the averageη p (N ) and the standard deviation ∆η p (N ) of the distribution
in order to eliminate the ν dependence from the analysis. Numerical results are provided in Table I (2), is also consistent with earlier estimates η p = 0.031(2) [12] and η p = 0.0301(3) [14] . Results for the critical exponent in Eq. (2) are ν = 1.37(6) and 0.90(2) in d = 2 and 3, respectively ( Fig. 2) , agreeing with ν = 1.33(10) and 0.84(3) for d = 2 and 3 [12] , ν = 0.902(5) for d = 3 [14] , and with ν = 1.33 and 0.88 from lattice percolation [15] . For d ≥ 4, finite-size effects are too large to independently determine the exponent (Fig. 2) . 11.74(8)
III. MODE COUPLING THEORY (MCT)
We generalize the MCT prediction of the RLG dynamical arrest to arbitrary d, which requires fewer approximations than determining the dynamical transition of glass formers [7, 10, [37] [38] [39] . In the RLG, collisions are elastic, hence the tracer kinetic energy is conserved and only the direction of its velocity v changes with time t. The MCT equation for the intermediate scattering function F (q, t) = e iq·[r(t)−r(0)] , where r(t) is the tracer position at time t and q = |q| is the measurement wave vector, then reads
where Ω 2 (q) = q 2 v 2 /d is the microscopic collision frequency, and M (q, t) is the memory kernel. In the Laplace representation, the MCT equation becomeŝ
also corresponds to the onset of a finite diffusion constant, which in a percolating system appears at the end of a long subdiffusive regime. For determining ρ d , we are thus only interested in the long wavelength (low-frequency) behavior of the intermediate scattering function. We henceforth follow the standard generalized hydrodynamic approximation of replacing the memory kernel by its q → 0 limit [10, 38, 39] ,
where c(k) is the Fourier transform of the direct correlation function, c(r), between the tracer and the scatterers. The direct correlation function can be generally expanded in terms of Mayer functions [40] . For the RLG, only the hard-core exclusion of the tracer affects c(r), and thus the expansion for c(r) terminates at the second-order. The Poisson-distributed scatterers indeed cancel all higher-order terms. Hence, we have c(r) = −θ(σ/2−r) for all d, and c(
, where J n (x) is a Bessel function of the first kind.
In order to solve for ρ p in MCT, we consider the nonergodicity parameter defined as the long-time limit of the correlation function f (q) = lim t→∞ F (q, t) = − lim z→0 zF (q, z). From Eq. (4) or its Laplace representation Eq. (5), we obtain,
.
Plugging this result into Eq. (6), we find
where the reduced MCT kernel
is now independent of q. At the percolation transition, f p (q) = 0 for all finite q, f p (0) = 1, and consequently m p = 0 [38] . Equation (8) can therefore be solved perturbatively with respect to m. The zeroth-order expansion gives a relation for the percolation threshold,
By Parseval's theorem,
and thus Eq. (10) gives
As can be seen in Fig. 3 , the MCT solution for the dynamical transition (or, equivalently, the percolation threshold) is very close to the numerical value in d = 3 [41] , but its dimensional scaling reveals the agreement to be fortuitous. MCT and numerics grow steadily apart with d, and no physical argument support a reversal of this trend as d increases, nor, as argued on general grounds in the introduction, are the MCT results expected to be better approximations for low-rather than high-d systems.
Further expanding Eq. (8) to first order gives the critical scaling of m as well as the localization length r s . The localization length r s controls the long-time limit of the mean-square displacement (MSD) δr 2 (t), i.e., lim t→∞ δr 2 (t) = 2dr 2 s , where δr 2 (t) = [r(t)−r(0)] 2 . Indeed, from the first-order equation
we obtain
where
is the relative distance to the percolation transition, and B =
, using Eqs. (7) and (13) we also obtain that near the percolation transition, r s scales as
which is a form consistent with that of Ref. [10] . The explicit d-dependence of the pre-factor further provides its high-d scaling, r 
IV. RELATIONSHIP BETWEEN THE RLG AND THE MK MODEL
In order to obtain a static description of the dynamical arrest, we relate the behavior of the RLG near the void percolation transition to that of a simple glass-former, the MK model. The infinite-range MK model adds a quenched random shift to each pair ij of classical hard spheres (HS) of diameter D, which results in a total interaction energy U = ij u(|r i − r j + Λ ij |), with e −u(r) = θ(r − D), where Λ ij is a random vector uniformly distributed over the system volume, and θ(x) is the Heaviside step function. Although finite-dimensional, this model is by construction mean-field in nature. The cavity reconstruction formalism, which builds up the local environment experienced by a particle along the continuation of the MK liquid branch (the replica-symmetric phase) above the dynamical glass transition ϕ d [26, 42] , further reveals that each particle is surrounded by Poisson distributed neighbors rattling in cages with a typical size A = r 
and
in the asymptotic high-d limit [20] . Hence, from the perspective of a given (arbitrarily-chosen) particle, which we label the tracer, in that regime the MK model has the same static structure (e.g., pair correlation function) as the RLG, but with the tracer and scatterers having all the same diameter, D = σ/2 (see Fig. 1 ). Unlike in the RLG, however, "scatterers" in the MK model are free to move. In addition, the tracer and scatterers are indistinguishable, in the sense that all of them have the same average dynamics.
To make the comparison between the RLG and the MK model more transparent, we introduce an intermediate model, the rattling random Lorentz gas (RRLG). This model is equivalent to the RLG, except that scatterers are now allowed to rattle within spherical, ball-shaped cages of fixed size A d . By construction, it is thus also equivalent to the MK model at ϕ d , in the asymptotic high-d limit, where the replica calculation is exact [26] . Because the (uncorrelated) rattling of the scatterers increases the probability that the tracer escapes by widening the "hopping channels" out of its cage, we can effectively rescale the scatterer diameter as D → D − κ √ A d [26] . The RRLG should thus undergo a percolation transition at a densityφ p rescaled with respect to the RLG,
The rescaling constant κ has an upper bound κ = 2 which corresponds to the largest displacement a particle could make in a ball-shaped cage [26] . In the limit d → ∞, we argue that the rescaling constant vanishes, i.e., κ → 0. To see why, let us first consider the case d = 2, where a hopping channel opens for the tracer when two neighboring scatterers move apart in opposite directions. In general, if a channel is blocked by n b scatterers, the probability that a channel opens is ∼ 1/d n b , which vanishes with d. Combining this result with Eq. (16), we find
In other words, in the infinite-dimensional limit, we conjecture that the rattling of scatterers does not contribute to the arrest of the tracer at the dynamical transition, which makes the RLG and RRLG equivalent. As argued above, the RRLG also recovers the MK model when ϕ = ϕ d . In Ref. [26] , we have shown that in d = 2 − 6 caging is imperfect at ϕ d , because the tracer can explore a network of well-separated cages connected by narrow channels, which suggests thatφ p > ϕ d . Hopping is, however, strongly suppressed in the limit d → ∞, and hence the tracer is completely localized at ϕ d . It follows thatφ
Interestingly, this analysis implies a crossover dimension that separates the two regimes. We get back to this aspect in the Conclusion. For now, in order to make further progress determining ϕ d we need to determine the evolution of the localization length between ϕ p and ϕ d . A static description is not currently available, but MCT does suggest a scaling form for relating the two. Using Eq. (14) (A = r 2 s , by definition), a hybrid static-dynamical description gives the asymptotic high-d relation
Combining this relation with Eqs. (15), (16) , and (18), we obtain
Note that this result has the same dimensional scaling form as the MCT result in Eq. (11), but the prefactor better agrees with the numerical results as d increases (see Fig. 3 ). We note in passing that using the relation between the RLG and the MK model discussed above, one can also obtain a more general geometrical upper bound to the void percolation threshold in large dimensions. The fact that no tracer can diffuse if it is fully blocked by its nearest scatterers provides an upper bound for ϕ d . In the limit d → ∞, we thus only need to consider scatterers located on the spherical shell of radius l = D + √ A d . The onset of caging then reduces to a classical spherical covering problem, i.e., the minimal number of spheres n of radius D that form a covering of a sphere with radius l needs to be determined. For d ≥ 3, andl ≡ l/D > 1, Rogers proved the upper bound, n ≤ (d ln d)l d [44, 45] , and hence
Note that both dimensional scalings, Eqs. (11) and (20) , are consistent with this upper bound.
V. CONCLUSION
Previous studies of hard sphere glass formers have shown that standard MCT gives an asymptotic high-d scaling for the dynamical glass transition that is inconsistent with the exact static scaling form and with simulation results. By contrast, here we found that, under the generalized hydrodynamic approximation, the MCT prediction for the dynamical arrest of the RLG is consistent with other proposed scaling forms, although numerical results reveal that the scaling pre-factor is erroneous. (1) at short times, before any collision occurs, ballistic motions gives δr 2 (t) ∼ t 2 ; (2) in the delocalized phase, the tracer is diffusive at very long times, δr 2 (t) ∼ t; (3) close to the percolation transition, the fractal nature of the void space gives a subdiffusive scaling, δr 2 (t) ∼ t 2/z with z > 2; (4) by contrast to the RLG, the rattling contribution from scatters should give rise to a caging plateau on timescales shorter than hopping; (5) Understanding the physical origin of this discrepancy in a model as simple as the RLG is likely to be a more manageable step toward fixing the standard MCT formulation. In particular, unlike hard sphere glass formers, the RLG has a trivial static input structure in all dimensions. Focus can therefore shift to other approximations. For instance, the conventional generalized hydrodynamic approximation for RLG [10, 39] could be replaced by numerically solving the MCT equation with the full wavevector dependence. Another line of attack could be to apply the generalized mode-coupling theory [46, 47] , where the factorization approximation for the memory kernel is avoided by explicitly including higher-order dynamical correlations [48] .
Based on the relationship between the MK model and the RLG, we have also argued that the dynamic glass transition of the MK model takes place in the localized regime of the RLG (or RRLG) when d → ∞, i.e., ϕ
. This conjecture is proposed based on the understanding that the static mean-field theory is exact in the high-d limit and that the dynamical glass transition is then sharply defined [20, 21] . The situation is qualitatively different from what is observed in low-d mean-field models, such as the MK model, where particles are not fully arrested at the (theoretical) ϕ d [26] , and hence ϕ p < ϕ d <φ p . The role of hopping on the liquid dynamics is thus expected to change qualitatively when going from the low-to high-d, and similarly for the RRLG (Fig. 4) . Both the crossover dimension d cro and the dynamical behavior of the RRLG in the different regimes will be examined in future studies. It may also be interesting to study the rounding effect of the percolation transition in the RRLG model, as was recently done in the RLG with a soft potential [49] .
